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POLYNOMIAL RINGS

Definition 0.0.1. A polynomial is of the form ag+ a1z + az® + ... +
a,x", which have coefficients form a ring R. The collection of all such
polynomials form a ring called polynomial ring.

Let R be any ring. Let x be a symbol which is not an element of R.

The symbol x is usually called an indeterminate.

Definition 0.0.2. Let R be a ring. A polynomial f(z) with coeffi-
cients in R is defined to be an expression of the form ag+ a1z + asx? +
...+ a,x™, where n is a positive integer and ag,aq,...a, € R, a, is
called the coefficient of z" and a,x" is called a term of the poly-

nomial. The set of all polynomials with coefficients in R is denoted

by R[z].
Note 0.0.3. z, 22, 23, ..., 2" are merely symbols.
Definition 0.0.4. 0 € R[z] is called the zero polynomial.

Definition 0.0.5. Let f(z) = ag + a1z + asz? + ... + a,2", a, # 0 be
an non-zero polynomial in R[x]. Then the degree of f(x), written as
deg f(x) is n and a,, is called the leading coefficient of f(x). We
do not define the degree of the zero polynomial. A polynomial in
which the leading coefficient is 1 is called a monic polynomial. An
element of R is called a constant polynomial. Clearly the degree

of a non-zero constant polynomial is zero.



Example 0.0.6. 22% 4+ z° is a monic polynomial.

Definition 0.0.7. Let p(x) = ap+ a1z + asz® +. .. + a,2™ and ¢(z) =
bo + b1z + byx® + ... + by, x™ be two polynomials in R[z] . p(r) and

q(x) are said to be equal if n = m and a; = b; for all 4.

Theorem 0.0.8. Let R be any ring. Prove that R|x| is a ring under

the usual addition and multiplication of polynomaials.

Proof. [First we recall definition of a ring: A nonempty set
R together with two binary operations denoted by ” +” and
7.7 are called addition and multiplication which satisfy the
following axioms is called a ring.

(i) (R,+) is an abelian group.

(ii) 7.” is an associative binary operation on R(i.e a.(b.c) =
(a.b).c for all a,b,c € R).

(iii) a.(b+c¢) = a.b+a.c and (a+b).c = a.c+b.c for all a,b,c € R.]
Let R be any ring.

To prove that R[z] is a ring

Now we define addition and multiplication in R[z].

Let f(x),g(z) € R[z].

Let f(x) = ap + a12 + aex* + ... + a,2"™ and

g(z) = by + b1 + bz + ... + bpa™.



We define f(z) + g(x) = (ag + bo) + (a1 + b1)z + ... and

f(@)g(x) = (ag + a1x + az® + ... + ap,2™) (by + biz + box® + ... + ba™)
=c+cr+...+ Cm+nxnl+n

wherecy = agby

C1 = aobl + CL1b0

()Let f(z),g(z) € Rlx].

Clearly f(z) + g(z) and f(z)g(z) € R|x].

The zero element of R[z] is the zero polynomial(0+ f(z) = f(z)+0 =
F).

If f(z) =ag+ a1z + asx® + ... + a,z" € R[x]

then — f(z) = —ap — a1z — asx® — ... — a,x™ is the additive inverse of
f(z).

Also f(x) + g(x) = g(x) + f(x) .

Therefore (R[z],+) is an abelian group.

(i) f(z) + (9(x) + h(x)) = (f(x) + g(x)) + h(x) and

f(@)(g9(x) + h(z)) = f(x).9(z) + f(z).h(z) for all f(z),g(x) h(z) €

R|x| are straightforward. Hence R[z] is a ring O



Note 0.0.9. 1. RJz] is called the ring of polynomials with coeffi-
cients in R.

2. If R is commutative, so also is R|[x].

3. If R is a ring with identity, so also is R[z].

4. The set of all constant polynomials in R|x| is a subring of R[x] and

is isomorphic to R.

Theorem 0.0.10. Prove that R[x| is an indegral domain iff R is an

integral domain.

Proof. [First we recall definition of integral domain: A non
commutative ring with identity having no zero-divisors is
called an integral domain.

Thus in an integral domain a # 0 and b # 0 = ab # 0.]

Let R be an integral domain.

To prove that R[z] is an integral domain.

It is enough if we prove that the product of two non-zero polynomials

is again a non-zero polynomial.

Let f(x) =ap+ a1z + asx’ + ...+ apx”, where a, #0
and g(z) = by + b1w + box® + ... + b,z™, where by, # 0.

Now, f(z)g(x) = apbo + (agby + arbp)x + ... + apbyx™™.

Since R is an integral domain, a, # 0 and b, # 0 = a,b,, # 0.
Hence the coefficient of %" in f(z)g(x) # 0.
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. f(@)g(x) #0.

Thus R[z] is an integral domain.

Conversely, let R[z] be an integral domain.

Since R is a subring of R[z| and 1 € R, hence R is an integral domain.

O

Note 0.0.11. In particular if R is an integral domain and R[z] is an

integral domain.

Corollary 0.0.12. If R is an integral domain and f(z),g(z) € R[z],
then

deg(f(x)g(x)) = deg(f(x)) + deg(g(x)).

For, we have proved that the coefficient of "™ in f(x)g(x) = a,b,, #

0.

. deg f(z)g(x) = m +n = deg f(x) + deg g(z).

Note 0.0.13. If R is not an integral domain, then the above result is
not true.

For example, consider Zg[x](since Zg = {0,1,2,3,4,5} is not an
integral domain).

f(x) = x + 222 is a polynomial of degree 2 and



g(z) = 2+ x + 32% is a polynomial of degree 2.

But f(2)g(z) = (v + 22%)(2 + 2 + 327)
= 22 + 2% + 3% + 42% + 227 + 627
= 2z + 5% 4 52° + 62
= 2x + 527 + 52° + 02*  (mod 6)

= is a polynomial of degree 3.

In general,

deg(f(z)g(x)) < deg f(x) + deg g(z).

Note 0.0.14. R is a field does not imply R[x] is a field.

Proof. Let R be a field.

Consider f(x) =z € R[z|. To prove that R[z] is not a field.

It is enough if we prove that the polynomial f(z) does not have an
inverse.

Suppose that g(z) = ag+ a1z +azx*+. .. +a,z" is the inverse of f(x).
Then (ag + a1x + agz® + ... + a,a™)z = 1.

coapx +a? F asxd + .+ ayett = 1.

S04 ar ot +asxd + . Fae™t =140z + 022 + ...+ 0"
.. 0 = 1 which is a contradiction.

Therefore the polynomial f(x) does not have an inverse.

Hence R[z] is not a field. O



Remark 0.0.15. Any polynomial ring over a field is a U.F.D.

Theorem 0.0.16. (Division algorithm) Let F be a field. Let f(z)
and g(x) be two polynomials in F[x] with g(x) # 0. Then there exist
unique polynomials q(x) and r(x) such that f(x) = q(x)g(x) + r(z)
where either r(xz) = 0 or degr(x) < deg g(z).

Proof.

Let  f(x) =ap+ a1z + asx® + ...+ apa”,a, #0 and

g(z) = bo + bix + box® + ...+ bpa™, by, # 0.

Consider the set S = {f(z) — g(x)s(x)/s(x) € Flx]}.

Let r(x) be an element of minimal degree in S.

Clearly r(x) = f(z) — g(z)q(z) for some g(x) € Flz].  Hence
f(x) = g(x)q(z) +r(z).

We claim that either r(z) = 0 or deg r(z) < m.

Let r(z) = cg+ 1z +cox® + ...+ cat, ¢ # 0 and t > m.

Now, consider the polynomial,

lxt—m

r(z) — ab, v "g(x)

()

r(z) — b ta' " (by + byw + by 4. A by™)

r(z) — (cib 1o™™ + .+ ).

a polynomial of degree less that t.



oo degri(z) < degr(x).

Also, ri(z) =r(z) — b e "g(x)

= f(z) — g(x)q(x) — ciby,' =" " g(x)

= f(z) — g(@)[g(z) + ciby, 2] € S.

c.ri(x) € S and degri(z) < degr(z) which is a contradiction, since
r(z) is an element of minimal degree in S.
codegr(z) < m.

Thus f(z) = g(x)q(x) + r(x) where either

r(x) =0 ordegr(z) < degg(x). (1)

Now, we prove the uniqueness.

Suppose f(z) = g(x)q(x) + r1(x) where
ri(z) =0 ordegr(z) < degg(x) (2)

0= g(x)lg(x) — qu(@)] + [r(z) — ri(z)] (by (1) and (2)
9(@)[q(z) — q1(x)] = m(z) —r(z).
Since deg[ri(z) — r(z)] < degg(x), the above equation holds good
only if ¢(x) — q1(z) = 0.
. q(x) = ¢1(z) and hence r(z) = ri(z). O



